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1. Introduction
For ϕ in L∞(T) of the unit circle T = ∂D, the Toeplitz operator with symbol ϕ is the operator Tϕ on the Hardy space
H2(T) of the unit circle given by
Tϕ f := P (ϕ f )
(
f ∈ H2(T)),
where P denotes the orthogonal projection which maps L2(T) onto H2(T). A bounded linear operator A is called hyponormal
if its self-commutator [A∗, A] := A∗A − AA∗ is positive (semideﬁnite). The purpose of this note is to study hyponormality
for Toeplitz operators acting on the Hardy space H2(T). In particular, our interest is with Toeplitz operators with bounded
type symbols. The problem of determining which symbols induce hyponormal Toeplitz operators was solved by C. Cowen [2]
in 1988. Here we shall employ an equivalent variant of Cowen’s theorem that was proposed by T. Nakazi and K. Takahashi
in [9].
Cowen’s Theorem. For ϕ ∈ L∞ , write
E(ϕ) := {k ∈ H∞: ‖k‖∞  1 and ϕ − kϕ ∈ H∞}.
Then Tϕ is hyponormal if and only if E(ϕ) is nonempty.
Cowen’s theorem is to recast the operator-theoretic problem of hyponormality for Toeplitz operators into the problem of
ﬁnding a solution with speciﬁed properties to a certain functional equation involving the operator’s symbol. This approach
has been put to use in the works [3–5,7,10] to study Toeplitz operators on H2(T). Farenick and Lee [5] characterized the
hyponormality of Tϕ in terms of the roots of a polynomial induced by the symbol ϕ in the case that ϕ is a circulant
polynomial. Recently particular attention has been paid to Toeplitz operators with bounded type symbols [6,8].
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I.S. Hwang, I.H. Kim / J. Math. Anal. Appl. 349 (2009) 264–271 265A function ϕ ∈ L∞ is said to be of bounded type if there are functions ψ1,ψ2 in H∞(D) such that
ϕ(z) = ψ1(z)
ψ2(z)
for almost all z in T. Evidently, rational functions in L∞ are of bounded type.
Let J be the unitary operator on L2 deﬁned by
J ( f )(z) = z f (z).
For ϕ ∈ L∞ , the operator on H2 deﬁned by
Hϕ f = J (I − P )(ϕ f )
is called the Hankel operator Hϕ with symbol ϕ . For an inner function θ , write
H(θ) := H2  θH2.
It was shown [1, Lemma 6] that if Tϕ is hyponormal and ϕ is not in H∞ then
ϕ is of bounded type ⇐⇒ ϕ is of bounded type.
In [1], it was also shown that
ϕ is of bounded type ⇐⇒ ker Hϕ 	= {0} ⇐⇒ ϕ = θb,
where θ is an inner function and b ∈ H∞ such that the inner parts of b and θ are coprime.
On the other hand, when we study the hyponormality of Toeplitz operators Tϕ with symbols ϕ , we may assume that
ϕ(0) = 0 because the hyponormality of an operator is invariant under translation by scalars. Thus if ϕ = g + f ∈ L∞ ( f , g ∈
H2), then we will assume that f (0) = g(0) = 0 throughout the paper. Therefore we can see (cf. [6,8]) that if ϕ = g+ f ∈ L∞
( f , g ∈ H2) is of bounded type and Tϕ is hyponormal then we can write
f = θ1θ2a and g = θ1b
for some inner functions θ1 and θ2, where a ∈ H(θ1θ2) such that the inner part of a and θ1θ2 are coprime and b ∈ H(θ1)
such that the inner part of b and θ1 are coprime.
Lemma 1.1. (See [7, Lemma 2.6].) Let ϕ = g + f ∈ L∞ , where f and g are in H2 . Assume that
f = θ1θ2a and g = θ1b
for a ∈ H(θ1θ2) and b ∈ H(θ1). Let ψ := θ1PH(θ1)(a) + g. Then Tϕ is hyponormal if and only if Tψ is. Moreover, in the cases where
Tϕ is hyponormal,
rank
[
T ∗ϕ, Tϕ
]= deg(θ2) + rank[T ∗ψ, Tψ ].
In view of Lemma 1.1, when we study the hyponormality of Toeplitz operators with bounded type symbols ϕ , we may
assume that the symbol ϕ = g + f ∈ L∞ is of the form
f = θa and g = θb, (1)
where θ is an inner function and a,b ∈ H(θ) such that the inner parts of a,b and θ are coprime.
On the other hand, if ϕ = g + f ∈ L∞ , where f and g are rational functions then we can show that ϕ can be written in
the form (1) with a ﬁnite Blaschke product θ .
To prove the main result we need two auxiliary lemmas. The ﬁrst lemma gives a characterization of hyponormal Toeplitz
operators whose self-commutator is of ﬁnite rank.
Lemma 1.2. (See [9, Theorem 10].) A Toeplitz operator Tϕ is hyponormal and [T ∗ϕ, Tϕ ] is a ﬁnite rank operator if and only if there exits
a ﬁnite Blaschke product k in E(ϕ). In this case, we can choose k such that deg(k) = rank[T ∗ϕ, Tϕ ].
The following lemma gives a characterization of hyponormal Toeplitz operators Tϕ with the symbol ϕ = g + f satisfying
‖g‖2 = ‖ f ‖2.
Lemma 1.3. (See [6, Corollary 4].) Let ϕ = g + f ∈ L∞ with ‖g‖2 = ‖ f ‖2 . Then the Toeplitz operator Tϕ is hyponormal if and only if
ϕ = kϕ for some inner function k.
266 I.S. Hwang, I.H. Kim / J. Math. Anal. Appl. 349 (2009) 264–2712. Main results
Let ϕ = g + f ∈ L∞ , where f and g are in H2. Assume that
f = θa and g = θb
for a,b ∈ H(zθ) with an inner function θ . If θ0 is a factor of θ , put
ϕθ0 := θ0PH(θ0)(b) + θ0PH(θ0)(a).
Then we have the following theorem:
Theorem 2.1. Let ϕ = g + f ∈ L∞ , where f and g are in H2 . Assume that
f = θa and g = θb
for a,b ∈ H(θ) with an inner function θ . If θ0 is a factor of θ , then E(ϕ) ⊆ E(ϕθ0 ). In particular, if Tϕ is hyponormal, then Tϕθ0 is also
hyponormal.
Proof. Suppose that k ∈ E(ϕ) and θ = θ0θ1 for some inner function θ1. Then θb − kθa ∈ H2 or equivalently
b − ka ∈ θH2.
Let a := PH(θ0)(a) + a1 and b := PH(θ0)(b) + b1. Then a1 = θ0h1 and b1 = θ0h2 for some h1,h2 ∈ H2. Observe that
b − ka ∈ θH2 ⇐⇒ (PH(θ0)(b) + b1)− k(PH(θ0)(a) + a1) ∈ θ0θ1H2
⇐⇒ (PH(θ0)(b) − kPH(θ0)(a))+ θ0(h2 − kh1) ∈ θ0θ1H2.
Therefore we have that
PH(θ0)(b) − kPH(θ0)(a) ∈ θ0H2,
which implies that k ∈ E(ϕθ0 ). 
The following theorem concerns the converse of Theorem 2.1.
Theorem 2.2. Let ϕ = g + f ∈ L∞ , where f and g are in H2 . Assume that
f = θa and g = θb
for a,b ∈ H(θ) with an inner function θ . With notation established above, assume that θ0 is a ﬁnite Blaschke product such that
PH(θ)(aˆ) = a and PH(θ)(bˆ) = b for some aˆ, bˆ ∈ H(θθ0). Then
Tϕ is hyponormal ⇐⇒ T ϕˆ is hyponormal,
where ϕˆ = θθ0bˆ + θθ0aˆ.
Proof. Let Tϕ be a hyponormal operator. Without loss of generality we may assume that deg(θ0) = 1. Let θ0(z) = eiξ z−α1−αz
(|α| < 1). Since Tϕ is hyponormal, there exists k ∈ H∞ with ‖k‖∞  1 such that
θb − kθa ∈ H2
or equivalently
b − ka = θh for some h ∈ H2. (2)
Put aˆ := a + θφ and bˆ := b + βθφ (β ∈ C), where φ(z) = (1−|α|2)
1
2
1−αz . Since H(θ0θ) = H(θ) ⊕ θH(θ0) and φ(z) ∈ H(θ0), it
follows that aˆ and bˆ are in H(θ0θ). Observe that by (2),
θ0θ bˆ − kθ0θ aˆ ∈ H2 ⇐⇒ bˆ − kaˆ ∈ θ0θH2
⇐⇒ (b + βθφ) − k(a + θφ) ∈ θ0θH2
⇐⇒ (b − ka) + θ(βφ − kφ) ∈ θ0θH2
⇐⇒ h + βφ − kφ ∈ θ0H2.
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β := (kφ − h)(α)
φ(α)
.
Then T ϕˆ is hyponormal. Conversely, suppose that T ϕˆ is hyponormal. Since PH(θ)(aˆ) = a and PH(θ)(bˆ) = b we see that there
exist a1,b1 ∈ H(θ0) such that
aˆ = a + θa1 and bˆ = b + θb1.
Hence we have that
ϕˆθ = θ PH(θ)(bˆ) + θ PH(θ)(aˆ)
= θ PH(θ)(b + θb1) + θ PH(θ)(a + θa1)
= θb + θa
= ϕ.
Therefore by Theorem 2.1, Tϕ is hyponormal. 
Deﬁnition 2.3. Let ϕ = g + f is of bounded type. We shall say that ϕ is generalized circulant if ϕ is of the form
ϕ = za + zθa (θ : ﬁnite Blaschke product, a ∈ H(zθ)).
We examine Deﬁnition 2.3 for the cases of trigonometric polynomials. For example, let ϕ is a trigonometric polynomial
of degree n. If ϕ is a generalized circulant, then we may write
ϕ = za + zθa (θ : ﬁnite Blaschke product, a ∈ H(zθ)).
Since ϕ is a trigonometric polynomial, it follows that
θ(z) = e−iωzn−1 and a(z) = e−iω
n∑
j=1
a j z
j−1.
Thus we have that
ϕ(z) =
n∑
j=−n
bnz
n = eiω
n∑
j=1
a j z
− j +
n∑
j=1
an− j+1z j,
which implies that b−k = eiωak = eiωbn−k+1 for every 1 k n. Therefore ϕ is a circulant polynomial with argument ω.
Let θ be a ﬁnite Blaschke product of degree d. We can write
θ = eiξ
n∏
i=1
Bnii , (3)
where Bi(z) := z−αi1−αi z (|αi| < 1), ni  1 and
∑n
i=1 ni = d. Let θ = eiξ
∏d
j=1 B j and each zero of θ be repeated according to its
multiplicity. Note that this Blaschke product is precisely the same Blaschke product in (3). Let
φ0 := 1 and φ j := B j B j−1 · · · B1 (1 j  d).
Then it is easy to show that {φ j}dj=0 forms a (not necessarily orthonormal) basis for H(zθ).
The following theorem concerns the hyponormality of Toeplitz operators with generalized circulant symbols.
Theorem 2.4. Let ϕ = za + zθa, where θ is a ﬁnite Blaschke product of the form
θ = eiξ
d∏
i=1
Bi
(
Bi(z) = z − αi1− αi z
)
and a ∈ H(zθ) is of the form
a =
d∑
a jφ j .
j=0
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ψ(z) :=
d∑
k=0
ak
k∏
i=1
(z − αi) ·
d∏
i=k+1
(1− αi z).
Then the following statements are equivalent.
(i) Tϕ is hyponormal.
(ii) For every zero ζ of ψ(z) such that |ζ | < 1, the number 1
ζ
is a zero of ψ(z) of multiplicity greater than or equal to the multiplicity
of ζ .
Moreover, in the cases where Tϕ is a hyponormal operator, the rank of the self-commutator of Tϕ is computed from the formula
rank
[
T ∗ϕ, Tϕ
]= Z
C\D − ZD,
where Z
C\D and ZD are the number of zeros of ψ(z) in C\D and in D counting multiplicity.
Proof. Suppose that ϕ = za+ zθa for some ﬁnite Blaschke product θ and a ∈ H(zθ). Since a ∈ H(zθ), it follows that θa ∈ H2.
Put Δ := zθ , then we may write
za = Δ(θa) and zθa = Δa (θa, a ∈ H(Δ)).
Thus it follows from Lemma 2.4 of [7] that
ran
[
T ∗ϕ, Tϕ
]⊆ H(Δ).
But since Δ is a ﬁnite Blaschke product, it follows that the rank[T ∗ϕ, Tϕ ] is ﬁnite. Thus by Lemma 1.2, we have that Tϕ is
hyponormal if and only if there exits a ﬁnite Blaschke product k for which za − kzθa ∈ H∞ . Since ‖zθa‖2 = ‖a‖2 = ‖za‖2, it
follows from Lemma 1.3 that Tϕ is hyponormal if and only if
k = ϕ
ϕ
= θa
a
.
Observe that
k = θa
a
= e
iξ φd(a0 +∑dk=1 akφk)
a0 +∑dk=1 akφk
= e
iξ ∑d
k=0 ak
∏k
i=1(1− αi z) ·
∏d
i=k+1(z − αi)∑d
k=0 ak
∏k
i=1(z − αi) ·
∏d
i=k+1(1− αi z)
= e
iξ zdψ(z)
ψ(z)
. (4)
Since ψ(z) is a polynomial of degree d, we have that
ζ : a zero of ψ(z) ⇐⇒ 1
ζ
: a zero of eiξ zdψ(z).
Therefore Tϕ is hyponormal if and only if k(z) is analytic in D if and only if for every zero ζ of ψ(z) such that |ζ | < 1, the
number 1
ζ
is a zero of ψ(z) of multiplicity greater than or equal to the multiplicity of ζ . For the rank formula, suppose Tϕ
is hyponormal. Then k should be of the form k = θaa . On the other hand if ZC\D and ZD are the number of zeros of ψ(z) in
C\D and in D counting multiplicity, then the degree of k is equal to Z
C\D − ZD . Therefore it follows from Lemma 1.2 that
rank[T ∗ϕ, Tϕ ] = ZC\D − ZD . 
Corollary 2.5. Suppose ϕ(z) =∑nj=−n a j z j is a circulant polynomial with argument ω. Put
f (z) := a1 + a2z + · · · + anzn−1.
Then the following statements are equivalent.
(i) Tϕ is hyponormal.
(ii) For every zero ζ of f (z) such that |ζ | > 1, the number 1
ζ
is a zero of f (z) of multiplicity greater than or equal to the multiplicity
of ζ .
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ϕ = za + zθa,
where θ(z) = e−iωzn−1 and a(z) = e−iω∑n−1j=0 an− j z j . Therefore we have that
ψ(z) = a(z) = e−iω
n−1∑
j=0
an− j z j = e−iωzn−1 f (z).
Now applying Theorem 2.4 gives the result. 
Example 2.6. Consider the symbol
ϕ(z) = zB 1
2
B 1
3
+ 2zB 1
2
+ 3z + z + 2zB 1
3
+ 3zB 1
2
B 1
3
(
Bρ(z) = z − ρ
1− ρz
)
.
Then θ = B 1
2
B 1
3
and a = 3+ 2B 1
2
+ B 1
2
B 1
3
. Therefore we have
ψ(z) = 3
(
1− 1
2
z
)(
1− 1
3
z
)
+ 2
(
z − 1
2
)(
1− 1
3
z
)
+
(
z − 1
2
)(
z − 1
3
)
.
A calculation shows that the zeros of ψ(z) are 35 ± 25
√
14i. Thus by Theorem 2.4, Tϕ is hyponormal and the rank of self-
commutator of Tϕ is 2.
The following theorem is a characterization of hyponormal Toeplitz operator Tϕ with ‘partial’ generalized circulant sym-
bol.
Theorem 2.7. Let ϕ = za + zθa, where θ is a ﬁnite Blaschke product of the form
θ = eiξ
d∏
i=1
Bi
(
Bi(z) = z − αi1− αi z
)
and a ∈ H(zθ) is of the form
a =
n∑
j=0
a jφ j .
Suppose θ0 is a ﬁnite Blaschke product of the form
θ0(z) = eiγ
n∏
i=1
Ci
(
Ci(z) = z − βi
1− βi z
)
.
Put
ϕˆ = gˆ + fˆ ,
where fˆ (z) := θ0zθa + b, gˆ(z) := θ0za + c and b, c ∈ H(zθ0). Then
T ϕˆ : hyponormal ⇐⇒ eiξ z
dψ(z)
ψ(z)
∈ E(c + b),
where
ψ(z) :=
d∑
k=0
ak
k∏
i=1
(z − αi) ·
d∏
i=k+1
(1− αi z).
Proof. Put Δ := zθθ0. Then we may write
fˆ (z) := zθθ0a + b = Δ(a + Δb)
(
a + Δb ∈ H(zΔ)),
gˆ(z) := zθ0a + c = Δ(θa + Δc)
(
θa + Δc ∈ H(zΔ)).
Hence we have that
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= zθ PH(zθ)(θa) + zθ PH(zθ)(a)
= zθ(θa) + zθa
= ϕ.
Put k := eiξ zdψ(z)
ψ(z) = θaa . If k ∈ E(c + b), then k is an inner function and hence Tϕ is hyponormal. Conversely, if T ϕˆ is
hyponormal then by Theorem 2.1, we have that Tϕ is hyponormal. On the other hand, it follows from Theorem 2.1 and the
proof of Theorem 2.4 that
E(ϕˆ) ⊆ E(ϕ) = {k}.
Therefore we have that
T ϕˆ : hyponormal ⇐⇒ k ∈ E(ϕˆ)
⇐⇒ Δ(θa + Δc) − kΔ(a + Δb) ∈ H2
⇐⇒ θ0(za − kzθa) + c − kb ∈ H2
⇐⇒ c − kb ∈ H2
⇐⇒ k ∈ E(c + b),
which gives the result. 
Corollary 2.8. Suppose ϕ(z) =∑nk=−n akzk. If ϕzm is a circulant polynomial with argument ω for some m = 1,2, . . . ,n, put
f (z) =
m∑
j=1
a j+n−mz j−1.
Then
Tϕ : hyponormal ⇐⇒ eiω f (z)
zm−1 f (z)
∈ E
(
n−m∑
j=m−n
a j z
j
)
.
Proof. Suppose ϕzm is a circulant polynomial with argument ω for some m = 1,2, . . . ,n. Then we may write
ϕzm = za + e−iωzma,
where a ∈ H(e−iωzm) is of the form
a(z) = e−iω
m−1∑
j=0
an− j z j .
Since ψ(z) = a(z) = e−iωzm−1 f (z) it follows that
e−iω z
m−1ψ(z)
ψ(z)
= eiω f (z)
zm−1 f (z)
.
Now applying Theorem 2.7 gives the result. 
Example 2.9. Consider the symbol
ϕ(z) = 2zB 1
2
B 1
3
+ 3zB 1
3
+ βB 1
3
+ γ + αB 1
3
+ 2zB 1
3
+ 3zB 1
2
B 1
3
(
Bρ(z) = z − ρ
1− ρz
)
.
Then
φ(z) := ϕzB 1
2
= zB 1
2
PH(zB 1
2
)(2+ 3B 1
2
+ βzB 1
2
) + zB 1
2
PH(zB 1
2
)(3+ 2B 1
2
+ αzB 1
2
+ γ zB 1
2
B 1
3
)
= zB 1
2
(2+ 3B 1
2
) + zB 1
2
(3+ 2B 1
2
)
= 2zB 1 + 3z + 2z + 3zB 1 .
2 2
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that
Tϕ : hyponormal ⇐⇒ z +
1
4
1+ 14 z
∈ E(βB 1
3
+ γ + αB 1
3
)
⇐⇒ βB 1
3
− αB− 14 B 13 ∈ H
2
⇐⇒ β − αB− 14 ∈ B 13 H
2
⇐⇒ α = 13
7
β.
Example 2.10. Consider the symbol
ϕ(z) = z−4 + 2z−3 + a2z−2 + a−1z−1 + a1z + a2z2 + z3 + 2z4.
Then we see that
ϕz2 = z−2 + 2z−1 + z + 2z2
is a circulant polynomial and f (z) = 1+ 2z. Therefore by Corollary 2.8, we have that
Tϕ : hyponormal ⇐⇒ z +
1
2
1+ 12 z
∈ E(a−2z−2 + a−1z−1 + a1z + a2z2)
⇐⇒ a−2z−2 + a−1z−1 − z +
1
2
1+ 12 z
(
a1z
−1 + a2z−2
) ∈ H2
⇐⇒ 1
2
a2 = a−2 and 1
2
a1 + 3
4
a2 = a−1.
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